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Summary. Continuing the investigation in [8] we study a A-continuous Markov
operator P. Itis shown that, if Pis conservative and ergodic, P isindeed ‘‘periodic”’
as is the case when the state space is discrete; there is a positive integer J, called
the period of P, such that the state space may be decomposed into & cyclically
moving sets C,, -+, C;_, and, for every positive integer n, P™ acting on each C,
alone is ergodic. It is also shown that P maps L,(u)into L, () where p is the non-
trivial invariant measure of P and 1 £ g < co. If u is finite and normalized then
itis shown that (1) if f € L(4), then {P"**f} converges a.e. (1)to g, = 2'=¢ cirile,
where ¢;=6fc,fdp if 0<j<6—1 and ¢;j=¢; if j=mé+1i, 0Si<5—1,
(2) {P™**f} converges in L,(p) to g if f € L(n), and(3) liminf,, PP f =g,
a.e. (1) if fe L,(p) and f = 0. If p is infinite, then it is shown that (1) if f =0,
feL(p) for some 1 £ g < oo, then liminf,,,P"f =0 a.e. (), (2) there exists
a sequence {E,} of setssuch that X = | J;>-, E; and lim,, o P"*" 1;, =0 a.e. (1)
fori=0,1,--,0 —1land k=1,2,---.

I. Introduction. Let X be a nonempty set, Z, a o-algebra of subsets of X and 4,
a o-finite measure on Z. Let p(x, y) be an & x & measurable function defined on
X X X satisfying the following conditions:

1. p(x,y) = 0 for (1 x A) almost all (x, y),

2. [ p(x,)A(dy) £ 1 for (%) almost all x.
Let L,(2) be the collection of all A-essentially bounded functions and 2/(4), the
collection of all finite, real-valued, countably additive functions on £ which are
absolutely continuous with respect to A. Let &/ +(4) be the collection of all non-
negative elements of &/(1). For any fe L(4), Pf is defined by

(L.1) Pf() = f P, 9) F (DAY,

and for any ves/(4), vP is defined by

(1.2) VP(A) = f W(dx) f P, DAY).

The operator P here is a special kind of A-measurable Markov operator of E,
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Hopf [7]. We call it a A-continuous Markov operator. (1.1), (1.2) remain meaning-
ful for non-negative f not necessarily A-essentially bounded and non-negative
o-finite measure v. The iterates P" of P are then given by

P(x) = f e ) £ OIAY)
and

VP"(4) = f W(dx) f Px, AY)
A
where p™(x, y) are defined inductively by

(1.3) P'(x,y) = f PV (x, 2)p(z, y)A(dz).

The function p( -, - ) is called the density function of P with respect to A and is
only uniquely determined by P a.e. (4 x 4). All subsets of X discussed in this paper
are elements of £ and all functions on X are Z-measurable functions. Unless
otherwise indicated, for two sets A, B, A =B, A = B means that A(4 — B) =0,
A(A A B) =0 respectively, and for two functions f,g on X, f=g, f < g means
that the equality and the inequality, respectively, are satisfied except on a A-null
set. For any set A4, 1, is to represent the function which equals 1 on 4 and 0 on
the complement A’ of A. I, is the A-measurable Markov operator defined by

Lif(x) = 1,x)f (%),
vl (B) = v(AN B).
For any set E, define Py by

1.4) P.=2X P(I. P)
n=0

where E’ is the complement of E. P operating on either non-negative functions
or measures has well-defined meanings (cf. [8, §VI]). For a measure v, and a
function f we shall use the symbol {v,f > to denote the integral [fdv. For any
ves/ *(A), the support of v is the set 4 such that (X — A) =0, and B = 4 with
B being A non-null implies that »(B) >0, ‘“‘non-null’> and “‘null” shall mean
A-non-null and A-null respectively.

Following E. Hopf and J. Feldman we call a set A a conservative set if for every
non-null subset B of 4, Pyly=1 on B. The largest conservative set C is called
the conservative part of X. D = X — C is called the dissipative part of X. P is
conservative if X = C, dissipative if X = D. We say that a set A is closed if P1, = 1
on A. The collection of all closed subsets of C is a g-algebra of subsets of C which
we shall denote by €. An element 4 of € is indecomposable if A is non-null and
if the only closed subsets of A are null sets and 4 itself. A conservative operator P
is ergodic if X is indecomposable or, equivalently, if the only elements of % are X
and the null set. In [8] it has been shown that, for a conservative A-continuous
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Markov operator P, the space X may be decomposed into at most countably
many indecomposably closed sets C,,C,, -, and that to each C; there is a non-
trivial o-finite P-invariant measure p; which is equivalent to Al.,, and every
P-invariant measure is of the form Xo;u;. Thus, if we consider P acting on each C;
only, P is ergodic. In [8] we studied the convergence properties of the sequence
(XN P"(z,%)] X =1 P"(2,y)}. It was proved that, for an ergodic conservative P,
the sequence converges to the limit f(x)/f(y) where f is the derivative of an
invariant measure with respect to A. In this paper we shall proceed further to
study the asymptotic behavior of sequences {p”(x,y)} and {P"f}. As we know
that 1,2, p"(x, y) converges on X X D, therefore, lim,_, o, p"(x,y) =0 on X X D.
The limiting behavior of {p"(x,y)} is relatively simple on the dissipative part.
Thus we shall concentrate on conservative Markov operators.

It is well known that, if X is discrete and if P is conservative and ergodic, then
X may be partitioned into a finite number é of cyclically moving sets where ¢ is
the period of P, and {p"(x.y)} converges as n — oo [1]. Thus in §II, a theory of
periods is developed for a A-measurable, conservative and ergodic Markov oper-
ator. Much of the work here is inspired by the pioneer work of W. Doeblin. The
theory of periods of a conservative ergodic A-measurable Markov operator given
here is modeled after Doeblin’s (which was perfected and completed by Chung [2]).
Owing to the good manner in which the collection of all closed subsets conducts
itself, the theory takes a much simpler form here than Doeblin’s original. In
§I1I, asymptotic properties of {p"(x, y)} and {P"f} are studied. The device p(x)
used here is similar to Doeblin’s. Two very different cases arise as expected;
namely, the case that the nontrivial invariant measure u of P is finite and the case
that u is infinite. Theorems concerning the a.e. (1) convergence of {P"f} when
fe Lo(4) may be considered as generalizations of convergence theorems of {P{?
of discrete state spaces. Theorems concerning the L, (u) convergence of {P"f}
when fe L,(u) are new even for discrete state spaces. There remains the open
question whether there is also a.e.(4) convergence for {P"f} when fe L,(u) and P
is aperiodic. I am only able to show that, if f is non-negative liminf,, ,, P"f is
equal to the L,(u) limit a.e. (1) for the case of a finite y, and liminf,, ,P"f =0
a.e. () for the case of an infinite u. Some results for the case that u is finite are
similar to those of S. Orey [9] which is based on a hypothesis of T. E. Harris.
I am indebted to K. L. Chung who introduced me to Doeblin’s work.

I1. Periods of /-measurablej conservative ergodic Markov operators. We recall
that the properties of a set in Z being transient, conservative, closed, etc., were
defined with reference to a A-measurable Markov operator P. If there are more
than one Markov operator these terminologies will be prefixed by ““P-’ or “‘Q->
to distinguish that the properties are referred to operator P or Q respectively.
In this section attention will be paid mainly to iterations P* of P.

LeMMA 2.1. Let k be a positive integer. Then, a set R is P-conservative if and
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only if R is P*-conservative; it follows that, if P is conservative, so is P* and
vice versa.

Proof. A non-null set R is P-conservative if and only if, for every non-null set
ScR, XP_,P"jg is unbounded [5]. Since X2,P™13< X°oP"s, R is
P-conservative if R is P*-conservative. Conversely, if a non-null set R is not
P*-conservative, then there is a non-null subset S of R for which X%, P™] is
bounded. It follows that X.2,P™*"13=P ¥ P™1s is bounded so that
Yo _op"lg= k4 p" X o P™1g is also bounded. Hence R is also not P-con-
servative.

All through §II we shall assume that P is conservative and ergodic. A P*-closed
set E is said to be P*-decomposable if and only if there is a non-null P*-closed
subset B of E such that E — B is also non-null. Since P *is conservative, the col-
lection of all P*closed sets is a g-algebra; C — B is then also P*closed. 4 P*-
closed set is P*-indecomposable if it is not P*-decomposable. Since P is assumed to
be ergodic, X is P-indecomposable. In this section we shall study the decomposa-
bility of X under iterates of P. For an arbitrary set E we denote the set [P*1; = 1]
by A*(E):

.1) AYE) =[P"1;=1].

Then E is P*-closed if and only if E = A*(E). It is easy to see that
1. AYE,) < AYE,)ifE, c E,,
2. AYE,) N A*(E,) is null if E, N E, is null,
3.if {E,} is a finite or infinite sequence of sets, then

. UA"(E,,)cA"( UE)

Denote A'(E) by A(E), then we have
AX(E) = A(A(E)), A*(E) = A(4*(E)),--.

LeMMA 2.2. If E is P*-closed, then A(E) is also and A(E) is P*-decomposable
or P*-indecomposable according as E is P*-decomposable or P*-indecomposable.
It follows that the lemma remains valid if we replace A(E) by A’(E) where j is an
arbitrary positive integer.

Proof. If E is P*-closed then E = AX(E). Hence A(E) c A(AXE)) = (A*(A(E))
and A(E) is P*-closed. If E is P*-decomposable, E = BU C where B and C are
non-null, disjoint and P*-closed, then A(B) and A(C) are P*-closed and disjoint.
A(B) and A(C) are non-null because A*(B) and A¥(C) are non-null. Hence A(E)
is also P*-indecomposable.

Now suppose that E is P*-indecomposable, we shall show that A(E) is also
P*-indecomposable. Let F be a non-null P*-closed subset of A(E), we shall first
show 4*“*(F) N E is non-null. We have



1965] A-CONTINUOUS MARKOV CHAINS. II 87
Py = PI.P*"'1; + PI..P* 1.

Since F < A(E), P1; = 0on F, hence PI;. P* '1, = 0 on F. Hence we have

.2 P“1,=PI;P*"'1;=1 on F.

Since P1 =1, it follows that if f > 0 a.e. (1) we also have Pf > 0 a.e. (1). Now
1 — IP*"'1; is a non-negative function. If the set [IzP* 1z = 1] is null then
P[1—IP*"'1]=1—PIzP* 1, >0 ae.(4) which contradicts (2.2). Hence
[IgP*"'1; =1] is non-null, ie., EN A**(F) is non-null. Now suppose A(E)
were P*-decomposable and F,, F, were two disjoint non-null P*~closed subsets of
A(E) then EN A*"'(F,) and EN 4*"*(F,) would be two non-null, disjoint,
P*-closed subsets of E which is clearly impossible. Hence A(E) is also P*in-
decomposable.

LemMA 2.3. If P is conservative and ergodic, and if C,,---,C, are P*-closed,
non-null and pairwise disjoint then n < k.

Proof. Let G,, = | JfZ§ 4'(C,), then

k-1

4G > | 4"*(Cp) > G,

i=0

hence each G,, is P-closed. G,, = X for m = 1,.--,n. Hence
23)  X= () G.= U [4"C) N 4%(C) n -0 4(C)].
m=1 (1yeesin)

Where the union appearing in the right-hand side of (2.3) is taken over all n-tuple
(iy,++1,) Where i; may be 1,2,---,k. There is at least one n-tuple (iy, i,, i)
for which 4"(C;)N --- N A™(C,) is non-null. Then ij,i,,--,i, are all distinct,
for i; = i, would imply that 4"(C )N A*(C) is null. Hence n < k.

LemMA 2.4. Let P be conservative and ergodic and k be a positive integer.
Let €™ be the o-algebra of P*-closed subsets of X. Then ¥® is generated by a
finite number 6 = 6(k) of distinct atoms with § dividing k. Each atom in €®is
also P*indecomposably closed. It follows that €™ is identical with the o-algebra
% of all P’-closed sets.

Proof. By Lemma 2.3 ¥®) must be generated by a finite number of atoms.
Let C, be an atom of ¥®. C, is a P*indecomposable closed set. Let C, = A(C,),
C3 = A(C,),--. By Lemma 2.2 every C, is also P* indecomposably closed. Hence,
if i #j we have either C; N C; null or C; = C,. Since C; is P*-closed,
C; < AX(C) = C; .. Hence C; = Cisx = Ciyop = -+, It then follows that if d is a
positive integer for which there is an i such that C; = C,,,, then C; = C,,, for every
positive integer i. Let d be the smallest of all positive integers d for which
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C;=0C; 4. Clearly 6 £ k. 6 must divide k for, if otherwise, then k =nd + r
where r is a positive integer <d, C;,,; = C; = C; 4,5+,, hence C; = C, ., which
contradicts the defining property of 6. Now for every i, C,= C,,;= A%C),
hence every C; is P’-closed. Each C; is also P’-indecomposable since it is P*-
indecomposable. C,,C,, -+, C; are all distinct. U}’q C; is P-closed, therefore is
equal to X. {C;,C,,+-,C;} consists of all atoms of ¥*’ and also of ¥ . Hence
W =€,

LEMMA 2.5. For any positive integer k, let 6(k) be the positive integer of
Lemma 2.4. Then, if ky,k, are two positive integers such that k, divides k,,
then d(k,) is equal to the greatest common divisor d of k; and 6(k,).

Proof. By Lemma 2.4 d(k,) divides k,. We shall show that d(k,) also divides
8(ky). Then it follows that 8(k,) divides d. Let C; be an atom of €%,
C, = A(C,), C, = A*(C,),-+. Then Cy, -+, Cs,) are the totality of distinct atoms
of #*V, Let us consider P*' acting on C, only. It is ergodic, conservative and
P = (P*)! where | = k,/k;. By Lemma 2.4 C, is decomposed into B, B,,
P*>.indecomposable sets with B, = 4*'(B,), B; = A*(B,),---. Then each C; is
decomposed into j P**-closed sets 4’ '(B,),-:-,A'"'(B;). Hence €*? has a
totality of j - 8(k,) distinct atoms, i.e., 6(k,) =j - 6(k;). To prove that d divides
5(k,), let D, be a P**-indecomposable set. Let D, = A(D,), D3 = A(D,),-,
then Dy, -+, D5,y are all distinct whereas D,5,)+; = D; for every couple of positive
integers n,i. Let q = d(k,)/d. Let E;= | J4Z3D,y+;. Then A%E) =E; so that
E, is P*-closed. Since d divides k,, E, is also P*'-closed. E,,--, E, are all distinct,
A(E)=E;;;and X = U‘f:l E;.If E, is P*'-indecomposable, so are all other E;.
If E, is P*'-decomposable so are all other E; and they may be decomposed into a
same number of P*'-indecomposable sets. Hence d divides d(k,). Since we have
already proved the fact that d(k,) divides d, d = d(k,).

For a A-measurable conservative ergodic Markov operator P we define the
period 6 of P by

24 & =sup[&(k), k=1,2,--].

The period é of P may or may not be finite. If § =1, P is said to be aperiodic.
An aperiodic Markov operator is characterized by the property that all iterates
of P are ergodic. If the period 6 of a Markov operator P is finite then the re-
striction of P? to each P’-indecomposable set is aperiodic. It is well known that
if the state space X is discrete then every conservative ergodic Markov operator
has a finite period.

A sequence {C,} of sets in X shall be called a consequent sequence if C, is non-
null and C, = A(C,.,) for n =1,2,.--. Then all sets in the sequence are non-null.
If E is a P*-indecomposable closed set and d = &(k) then

{E,A*”(E), A*"%E),--,E, A" \(B), A" *(E),-+,E, -}
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is a consequent sequence. For a consequent sequence {C,} we have C,< U,f=,,+ 1Cn
for n=1,2,--- since U m=nt+1Cm is closed and, therefore, U,f,°=,,+ 1Cn=X.
Hence for each C,, there is a C,, with m > n such that C,N C,, is non-null
(and therefore C,., N C,., is non-null for every positive integer k since
C,N Cp < A(Cpiy N Crip)). To each vestt (1), v#0, we may attach a con-
sequent sequence {C,(v)} where C,(v) =supp v, C,(v) =supp vP, C5(v)=supp vP?,---.
If 5 is absolutely continuous to v then C,(n) = C,(v) for every n. We now define
h(v) to be the greatest common divisor of all positive integers k for which there is
an integer N such that Cy(v) N Cy,.(v) is non-null. We note that h(v) divides
h(n) if n is absolutely continuous to vP "for some n = 0. Let

2.5 H =sup {h(v): vesZ*(4), v#0}.
H may be + oo or a finite positive integer.
THEOREM 2.1. H = 4.

Proof. Let k be an arbitrary positive integer and and E be a P*indecompos-
able closed set. Let v = Al The sequence {E, A*®~!(E),---, E, A’®~Y(E),--- } is
the consequent sequence of v and for this v, h(v) = d(k). Hence H = (k) for
every positive integer k. It follows that H = 8. To prove H < J,let vbe an arbitrary
nonzero element of &7 *(1) and let C,(v) = suppvP" ! forn = 1,2,--- and h = h(v).
Let E;,i=1,---, h, be defined by

(2.6) E = _L_J()Ci+ ()

Since C; 4 j(v) = A"(CH(J-H),,), E; are P"-closed. If i, # i,, E; N E,, is null for if
E;, NE,;, is non-null, then, there are non-negative integers j;,j, such that
Cii+j N Ciyijy(v) is mon-null. Then i; + jih — (i, + j,h) = (i; — iy)
+(j; —j2)h is divisible by h. It follows that i; — i, is divisible by h which is
impossible since | i — i2| < h. E,,--, E, constitute the totality of all P"-indecom-
posable sets. Hence h = d(h) < 6. Hence H < 6.

For any nonzero measure ve2/* (1) we shall define h’(v) to be the minimum
of all positive integers k for which there is a positive integer N such that
Cy(v) N Cy 41 (v) is non-null. It is clear that h(v) divides h'(v). If  is absolutely
continuous to vP" for some n = 0 then h'(n) = h'(v). Let

2.7 H' =sup {h'(v):ve o *(1),v #0}.

We always have H' = H. For a general conservative ergodic A-measurable Markov
operator P it is possible to have H' > H as illustrated by the following example.
Let X be the set of all complex numbers of absolute value 1 and A be the linear
Lebesgue measure. Let o = e*™ where 0 is irrational and Pf(x) = f(ax). Then
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P" is ergodic for every positive integer n, so that P is aperiodic and H =1 (cf.
[6, p. 26]). Let v have, as its support, the set [e*™: 0 < y < ¢] where ¢ is a positive
number. Then vP" has the set [e*™: nf < y < nf + ¢] as its support. Let k be
an arbitrary positive integer. Let 2n¢ be the minimum distance from the point 1 to
2™ o140 .. 2k Then ¢ > 0. Hence if ¢ < ¢ we have h'(v) > k. Hence H' = 0.

LEMMA 2.6. If H' is finite, then H' = H = 6 and for every consequent sequence
{E,} there is a positive integer N such that E,N E, . s is non-null for every n = N.

Proof. If H' is finite, then H' is a positive integer and there is a nonzero measure
v, € ¥ (4) such that h'(v,) = H'. Since H' 2 H, H is finite and there is a non-
zero measure v, €&/ *(4) such that h(v,) = H. Since C,(v,)c X = U,‘,’°=1C,,(v1),
there is an n such that C,(v,) N C,(v,) is non-null. Let v be a nonzero measure
which has C,(v,) N C,(v,) as its support, then v is absolutely continuous to both
v, and v,P""'. Hence h(v)= h(v,), h’(v) = h’(v,). However, since h(v) < H,
h'(vy < H', h(v) = H, h’(v) = H'. Now consider the consequent sequence {C,(v)}
of v. Let k be a positive integer such that there is an n for which C,(v) N C, 4 (v)
is non-null. Then H' < k. Now, since C,(v) N C,,,(v) is non-null we may choose
a nonzero measure 7€ (A) with C,(v) N C,.(v) as its support. Then 7 is ab-
solutely continuous to vP"~'. Hence h’'(n) = h’(v). It follows that h’(n) = H' and
there is a positive integer m such that C,, () N C,,+g-(n) is non-null. But we have
Col) € Cam14mM N Comthmir(¥)s Conrr (D) S Coe 4 mag V) N Com g 4 mamr +4(V)-
Hence Cpo14m() N Cpm14m+i(V) N Cot 4 msn (VN Coog 4 map-+x(v) is non-null.
It follows that C,_; s m+5 (V) N C,- 1+ m+x(v) is non-null. Hence either k — H' =0
ork—H' =ZH'.If k — H' =0 then k is divisible by H'.If k — H' = H’, repeating
the same argument for k — H' as for k before, we conclude that k — 2H’ is either
0 or = H'. Repeating the same argument finitely many times we obtain the result
k — jH' = 0. Hence k is divisible by H'. This is true for all positive integers k for
which there is a positive integer n such that C,(v) N C,,,(v) is non-null. Hence
H' divides H. Hence H' = H = 5. Now let {E,} be an arbitrary consequent sequence.
Since X = U‘j,°=1E,,, C,(wN E,, is non-null for some positive integer n,. Let
{est *(2) have Cy(¥) N E,, as its support. Then h’({) = h(v) so that h’({)=h(v)=4.
There is a positive integer I such that C,({) N C;,4({) is non-null. It follows that
C,ONC,:50) is non-null for all n=1. Now we have, for every positive
integer n, C,({) c E,,—1+,. Hence C,({) N C, ) being non-null implies that
Epy=1+n N Epy—14+n+s is non-null. Let N=n,—1+ 1 Then E,NE,,; is non-
null for all positive integers n = N.

Now we shall proceed to show that the period of a conservative, ergodic, A-
continuous Markov operator is always finite. To do this we shall choose a definite
version of p(x, y) for P to satisfy

1. p(x,y) =0 for all (x,y)e X X X and

2. [p(x, »)M(dy) =1 for all xe X.
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Then the iterates p™(x,y) given by (1.3) also satisfy 1 and 2 For each xe X,
Ee X let

v(E) = f p(x, AAY).

For each xe X, v, is a probability measure absolutely continuous to 4 and for
each fixed E € X, x varying over X, v,(E) is a version of Plj.

LEMMA 2.7. For a A-continuous, conservative, ergodic Markov operator P,
H'’ (defined by (2.7)) is finite.

Proof. If H' were infinite, then there would be a sequence {1} of nonzero
measures in.&* (4) such that lim ., k() = + 0. Let {C,(m;)} be the consequent
sequence of #,. Sets C,(#,) are only unique up to sets of 4 measure zero. Now we
shall make a definite choice of sets C,(#,) to satisfy the condition that if x € C,(11;)
then v,(C,+,(n)) = 1. This can always be accomplished by replacing the original
C,(m) by its intersection with the set [x:v,(C,,(m)) = 1]. Since Pl¢,, ., =1
a.e. (4) on C,(n,), the intersection remains a support of n,P". Now sets C,(1;)
have this property: if x € C,(1,), then v, is absolutely continuous to n,P". Hence,
if x e J,21Calny) then h'(v,) 2 h'(ny).

Now let X, = Uf,°=,Cn(nk) in the strict sense of set union. Then A(X — X;)=0
so that A(X — (")¥=1X) = 0. There must be a point xe(")¢,X,. For this x,
h’(v) 2 h’'(n,) for k =1,2,---, which is impossible since h’(v,) is a finite integer
and lim_, ,h'(v,) = + co.

Combining Lemmas 2.7, 2.6, we have the following:

THEOREM 2.2. If a Markov operator P is conservative, ergodic and A-con-
tinuous, then the period 6 of P is a finite positive integer and for any consequent
sequence {C,} there is a positive integer N such that C,N\ C,.; is non-null for
alln=N.

THEOREM 2.3. Let P be a A-continuous, conservative, ergodic Markov operator.
Let 6 be the period of P and yu be a non-null invariant measure of P. Let
Co, Cy, -+, Cs—y be the totality of distinct € atoms with C, = A(C,),
Cy = A(Cy),++,Cs_5 = A(Cs-,). Then each pl, is an invariant measure of P"™
and every invariant measure of P"™ is of the form Z‘?;éai;dc,. Furthermore,
we have plc,P = plc,, -, plcs ,P=plcs 5 ple; P = plc, and p(Co) = u(C,)
= ... = u(Cs_,). Hence if P has a finite invariant measure then all invariant
measures of iterates of P are finite measures.

Proof. Since C; is P’-closed, Ic,P°=1.P’l;. Since P® is conservative,
X — C; is P%closed. Hence Iy_cP’Ic,=0 and P’Ic, = Ic,PI¢, + Iy_c Pl
=1 P°Ic,=I.P°. Thus we have ploP° = pP’I, = pl¢, and plg, is P’-invariant.
Now, for fe L(u),
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ule, [ o = e, fr=<uP,Ic,f)
= (P, f ) + {plyx_c,P,Ic,f -
Since the support of ul¢ P is C, and the support of ulx_c P is X — C,;, we have

<#IcoPsIclf> = <#IcoPaf>

and

uly—c,PsIc,f)=0.
Hence
2.8 uleyf > =<ule,P,f).

Since (2.8) is true for every f € Lo(u), ulc,P = plc, . By the same argument, we have
Wl P=plc,, - pulc, P =plc,. Substituting 1 for f in (2.8) we then obtain
W(Co) = u(Cy). Similarly u(C,) = u(C3), -+, i(Cs-1) = W(Co).

Now every C; is also a € ™ atom for every positive integer n. Hence P™ acting
on C; only is conservative and ergodic. It follows that for any P™-invariant measure
v, vI¢, must be a constant multiple of ul,. Hence v is of the form )2y ops oulc,.

III. Asymptotic properties of [p"(x, )] for a A-continuous, conservative, ergodic
Markov operator. All through this section, the Markov operator P is assumed
to be A-continuous, conservative and ergodic. Then P possesses a nontrivial
o-finite invariant measure x which is unique up to a constant multiple [8]. u is
equivalent to A. Hence ‘‘a.e. (1)’ is the same as “‘a.e. ()"’ and L(4) and L(x)
are the same space.

Lemma 3.1. If feL(w), 1 £ q < o, then Pf, given by

Pf=Pf* —Pf~,
belongs to L(u) also. Furthermore, we have
|2l 111,
where || "q denotes the L(u) norm.

Proof. We only need to prove for the case 1 < g < co. For any non-negative
function f, by Jensen’s inequality, for (1) almost all x

a1 |l s [ s o)
Hence
| wan|preo| = f ua | [ pix, y)lf(y)l"i(dy)}
(3.2)
- j W)\ F )"
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Hence fe L,(u) implies that Pfe L(u) and | Pf|, < | f |, Then for the general
case that f may take on both positive and negative values and fe L(u), Pf *PfT
are in L,(u) and, therefore, Pf is well defined and is in L (). Jensen’s inequality
again implies (3.1) and from which (3.2) and the equality | Pf|, < | f||, follow
immediately.

LemMA 3.2. If f is non-negative and feL/(u) where 1 <q < + o0, then
liminf,., , P"f is equal to a finite constant a.e. (1). If, in addition, the invariant
measure u is infinite and q < + o, then liminf,_, o, P"f = 0 a.e. (4).

Proof. Since f is non-negative, we have, by Fatou’s lemma,

lim jonf p(x, Y)P'f (DAdy) 2 f p(x,y) 1i:l1 i;lf P (»)Ady).
Hence liminf, ,P"f < [ Pliminf,,,P"f so that liminf,_ ., P"f is an excessive
function. (A non-negative function g is excessive if Pf < f. For the properties
of excessive functions see [8, §VI].) Since excessive functions for a conservative,
ergodic Markov operator are constant functions liminf,_ . P"f = constant
a.e. (4). Since 1nf,‘2,,Pf< P*f and ” P"f”q < “f”q by Lemma 3.1, we have also
infy», PfeL ,(1) and ” 1nfk>nPf||q =< ]|f||q Hence ” hmmf,,_,wP"f”q ||f||q
Since u(X)= oo and liminf,,,P"f is a constant function, we must have
liminf,, , P"f=0a.e. ().

Now we shall proceed to study asymptotic properties of sequences {P"f}. We
shall again, as in §II, choose a definite version of the density function p(x, y) of P
to satisfy

1. p(x,y) = for all (x,y)e X x X and

2. [ p(x,y)A(x,y)=1for all xe X.

The iterates p™(x, y) will be given inductively by (1.3). They also satlsfy 1 and 2.
For every positive integer n, every x € X and E € & define

(3.3) VO(E) = f Pk, )AY).

v are probability measures and v""*V =y P, Since P is ergodic the union
of the supports of v, n=1,2,.--, is X. Now for every non-negative f, P"f(x)

shall be given definitely by

(3.4) P"f(x) =f v dy) f(y) = f P(x, ) f (Ady).

Let f be a fixed non-negative function which belongs to L,(u) for some g satis-
fying 1 < g < + o0. By Lemma 3.2 there is a non-negative number a such that

liminf P"f (x) = a

n— 00

for (4) almost all x. Hence for (1) almost all x there is an increasing sequence {n;}
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(the sequence depends on x) of positive integers such that lim;,,P"f(x) = a.
Let p(x) be the supremum of all non-negative integers k with the property that
there is an increasing sequence {n;} of positive integers such that

lim P"*)f(x)=a for j=0,-,k.

i—o0
p(x) is defined for (1) almost all x and 0 < p(x) < + co. We shall show that
p(x) = + oo for (1) almost all x.

LeMMA 3.3. Let n be a probability measure, and let {g,} be a sequence of
n-integrable non-negative functions. If liminf,.,.g, = a ae. (n) and

lim,.« [g.dn = a, then there is an increasing sequence {n;} of positive integers
such that {g, } converges a.e. () to a.

Proof. If a =0, then {g,} converges to 0 in L,(#), hence, there is a subsequence

{g,.} converging a.e. (1) to 0. Suppose a > 0. We shall find an increasing sequence
{n;} of positive integers such that

(3.5) n(F) <2

—-%ig for i sufficiently large

where 1
F;,= [x:g,,i(x)g a+ 27] .
(3.5) implies

(3.6) limsupg, < aa.e. ().
i— o0

(3.6) and the fact that liminf,, g, = a imply lim,, . g, = a a.e. ().

Now there is an increasing sequence {n;} of positive integers satisfying the
following two conditions for every i:

1. fg,d<a+1/4 |

2. nlgs, < a—14]<1/4.
Then, if a — 1/4' = 0, we have

a+z_‘ g f gnil = J;E‘n‘Za-i-I/Z‘] f ot 12055 /41T idn+f[gni§a_l/4‘]g,.,dn
(a+1)n(F,)+<a—-—) [ >g,,i>a ‘1"]
2 (arg)nm o (a=5) ol ez >n] - 5)
= ( ) n(F) + ( ) [ —n(F) — Zl—]
b+ (a-5) (1-5)-
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Hence n(F)) < (2 + a)/2'.
The following lemma is a slight improvement of Lemma 3.3. The proof is trivial.

LEMMA 3.3'. Let y be a probability measure, and let {g{}, j=0,1,--,k, be
k + 1 sequences of n-integrable, non-negative functions. If liminf,, g%’ = a
a.e. (1) and lim,., [gdn=a for j=0,1,--,k, then there is an increasing
sequence {n;} of positive integers such thatlim,-_,wg,(,{)=a a.e.(n) forj=0,1,--- k.

In what follows f shall be a fixed non-negative function in L (u), and a is
equal to liminf,,  P"f a.e.(4). Since P"f, m =1,2,--., are also in L,(u), there
is a set E, of 0 A-measure such that, for every x¢ E,, we have, simultaneously,

1. liminf,, , P"f (x) = a,

2. P™f(x) is finite for m = 1,2, ---. 2 is the same as,

2'. fis vf™-integrable for m = 1,2, ---, where v is given by (3.3).

X

LEMMA 3.4. Let x, be a point of X — E,. If {n;} is an increasing sequence
of positive integers such that lim,_, o P™*f(x,) = a for j =0,1,--,k, then for
every positive integer m there is a subsequence {n;} of {n;} such that

lim P"~ ™Y f(x)y=a forj=0,1,--k

i—» o

for (2) almost all x on the support of the probability measure v.™.

X0

Proof. Since

P"‘+jf(x0) = f P(na—m)’rjfdvg:)’

we have

lim | P™™™% fayi™ =a for j=0,1,-,k.
i—+ o0
Since liminf,,,P" ™%/ f > a ae. (V{"), Lemma 3.3’ is applicable. Hence
there exists a subsequence {n;} of {n;} such that for (1) almost all x on the support
of v we have
lim P™~™*% f(x)=a for j=0,1,-,k.
i=+
LemMA 3.5. If, for some xe X — E,, p(x) = k, then p(x) = k for (1) almost
all x.

Proof. If p(x,) = k where x,e X — E,, then there is an increasing sequence
{n;} of positive integers such that lim;,,P"*’f(x;)=a for j=0,1,---,k. By
Lemma 3.3, p(x) = k for (1) almost all x belonging to the support of the measure
v, Let the support of v be C,. {C,}is a consequent sequence. Hence
MX —Jw=1Cn) =0. Now p(x) 2 k for (4) almost all x in | J-,C,. Hence the
lemma is proved .
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LEMMA 3.6. If P is aperiodic, then for every non-negative integer k, there is
an xo€ X — E, for which p(x,) = k.

Proof. The lemma is obviously true for k = 0. Suppose the lemma is true for k.
There is an x,e X — E, and an increasing sequence {n;} of positive integers
for which

lim P"*/ f(xg)=a for j=0,1,-,k.
i— 00

Let C,, be the support of the measure v,(";'). {C,.} is a consequent sequence. Since P

is aperiodic, by Theorem 2.2, there is a positive integer N such that Cy N Cy 4,
is non-null. By Lemma 3.4 there is a subsequence {n;} of {n;} for which we have,
simultaneously, lim; ,P™ ™*/f(x)=a, j=0,1,---,k, for (4) almost all x in
Cy and lim,, , P"" ¥ " DY f(x)=q, j=0,1,---,k for (1) almost all x in Cy,;.
Since Cy N Cy 44 is non-null, there is a point y in CyN Cy,,; and y ¢ E, such
that

lim P("Q'N’”f(y) =qa and lim P(n;—N—l)+jf(y) =a

i—» oo i— o0
for j=0,1,.--, k. Hence we have

lim P~ N"D* f(y)=a for j=0,1,--,k+ 1.

i—
Therefore p(y) = k + 1 and the lemma is proved.

LEMMA 3.7. If P is aperiodic, then for (1) almost all x and for every positive
integer k, there is an increasing sequence {n;} of positive integers for which

lim P"*f(x)=a for j=0,1,--k.

n— 0
In other words, p(x) = oo, for (1) almost all x.

Proof. It follows from Lemma 3.5 and Lemma 3.6 that for every positive in-
teger k, p(x) = k for (1) almost all x. Hence p(x) = oo for (1) almost all x.

LeMMA 3.8. If P is aperiodic and A is a finite measure, then, for every positive
number &, there is a set A with (X — A) <& and an increasing sequence {n;}
of positive integers such that the sequence of functions:

Pnof, P"'f Pn1+1f Pnzf Pn2+1 , Pn2+2f .
converges uniformly to a on A where a = lim inf,_, , P"f.

Proof. Let x, be a point of X — E, for which p(x,) = o0, and let C, be the
support of v&% . Then A(X — | J,2, C,) =0 and, hence, there is a positive integer
b such that A(X — | b=, C,) <e/2. Let B=J’-, C,.
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Since p(x,) = oo, for every positive integer k, there is an increasing sequence
{n{®} of positive integers such that

lim P*° ** (x0) = a, -+, lim P ** f(x,) = a.
i- i— o

Applying Lemma 3.4 repeatedly for b times, we obtain a subsequence {m{®} of
{n{®} such that, for every integer m, 1 S m < b,

lim PP 415 (x) = q, -, lim PP "™+ (x)=a

i—» i— 0
for (1) almost all x on C,,. Let k = b. Then

lim P™ f(x) =a, lim P™°*f(x)=a,--, lim P"’**Df(x)=a

i— o0 i- o0 i—»o0

for (1) almost all x on B. Let I} = m**®. Then for every non-negative integer k,
the sequence {I{"} has the property that

lim PPf(x) =a, lim P'Cf(x)=a,-, lim P"’**f(x)=a
i=» o0 i=»oo i o0

for (4) almost all x on B. Now, for every non-negative integer k, let n, be a member
of the sequence {I*'} such that

).{Bn [ (IP""f—a|>217)u (|P""“f—a| >217)u"
1

v (|P""+" f—a|>2ik)]}<2—k.

Then the sequence of functions:
(37) Pnofa me’ Pm+lf, Pnzf:P"2+l ’Pnz+2f,“.

converges to a a.e.(A) on B. By Egoroff’s theorem, there is a subset A of B such that
A(B — A) < ¢/2 and the sequence (3.7) converges uniformly to a on A.
[The following lemma follows immediately from Lemma 3.8.

LemMA 3.9. If P is aperiodic, then, for every positive number ¢, there is an
increasing sequence {n;} of positive integers such that the set

o i
(3.8) ‘ E=( N[P"**f<a+e]
i=1 k=0
has positive 1 measure.

LemMA 3.10. If E is a set of positive A measure, then lim,_, (I P)"1 =0
a.e. (1) where E' = X — E.

Proof. Let ves/+(4). Then
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w(X) vP(X) = {vP", 1)

<v">_:1 s PYLP"™ 1> + O P, 1)
k=0
n—1
= v I U P}, 1) + W(IpP)(X)
k=0

n—1
= Z s P)"1, > + Wl P)'(X).
k=0
Since E is conservative and P is ergodic, we have

n—1
lim ¥ (I, P)1;=1 ae. ().

n->o k=0
Hence
(3.9) lim v(I, P)"(X) = 0.
n— oo

Setting v = v{" in (3.9), we obtain lim,,, P(Ip P)"1(x) = 0. Hence
lim,, Iz P)"1 =0 a.e. (1).

We recall that the invariant measure u for P may be finite or infinite. We shall
first study the case that u is finite. u is then always normalized to be a probability
measure.

LeMMA 3.11. If the invariant measure p of P is finite, then, for every vest *(3),
the measures v, vP, vP2, .- are uniformly absolutely continuous with respect to .

Proof. Let Q be the u-reverse of P. Q is a u-measurable Markov operator
characterized by the following equality

(3.10) f (Pe)h du = f #(Oh) dy

“where g, h are non-negative functions (cf. [8, §VI]). Let g = dv/du, then
Q"g = dvP"[du. Construct the infinite product space Q=[][7-0X, and the
product c-algebra #F =[] %0%, of subsets of Q where X,=X, Z,=% for
n=0,1,2,---. A probability measure p on& is then defined by

"[XOEAO’ XIGA19 tty X,,GA,,]

- f u(dxo) f Mdxy) -+ f Adx,)p05o0r X )P(X1 X3) + P11 %)
Ao Ay An

where 4;e¥ for i=0,1,---,n. Coordinates X,,X,,---, considered as random
variables defined on Q, constitute a stationary Markov process. Q"g(X,) is then
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the conditional expectation of g(X,) given random variables X,, X, 1, . By the
well-known martingale convergence theorem {Q"g(X,)} converges in L,(p) and

Q"g(X,) are uniformly p-integrable. Since the process is stationary, every X, has u
as its distribution, hence

f Q"gdu = f 0" g(X,)dp.
[Q"g ZK] [Q"¢(X»)2K]

It follows that the functions Q"g are uniformly p-integrable. Hence the measures
vP" are uniformly absolutely continuous with respect to u.

THEOREM 3.1. If P is a JA-continuous, conservative, ergodic and aperiodic
Markov operator whose invariant u is finite (u is then normalized), then, for
every fe Lo(4), {P"f} converges a.e. (1) to [fdp.

Proof. If the theorem is true for non-negative functions then, applying the
result to f*, £, we obtain the same conclusion for a function f which takes on
both positive and negative values. So we shall only prove the theorem for a non-
negative f. Let us assume f <1 a.e. ().

By Lemma 3.2 liminf,_ P"f is equal to a constant a a.e (1). Let ¢ be an ar-
bitrary positive number. By Lemma 3.9, there is an increasing sequence {n;} of
positive integers such that the set E given by (3.8) has positive 4 measure. Let
X, be an arbitrary point of X and v’ be given by (3.3). Then

Pm+ng+if(x0) — an.+tfdv(m)

- f [ T Uy PP 4 (1 P)"P""f] D

IIA

i-1
(a+e) f (Ig PY1pdvC® + f (I P)'1avi?

IIA

(a+e)+ f (Ig P)'1avi™.

By Lemma 3.10 lim;_, o (Iz. P)’'l = 0 a.e. (u). Hence, for every positive integer &,
there is an integer i, and a set A with u(X — A) < 6 such that (I P)°1 < ¢ on A.
The number & is chosen to satisfy the condition that v("’)(F) <gform=1,2,-

whenever u(F) < 8. This can be done because v, ,ﬁf’, - are uniformly absolutely

continuous with respect to u (Lemma 3.11). Hence for any positive integer m,

Prtmotio f(x V< (a+e) + f (Ig PY°1dvi™ + W(X — A)
< a+3e

Hence we have
limsup P"f(xo) < a + 3e.

n—> o0



100 S.-T. C. MOY [October

Since ¢ is an arbitrary positive number,
(3.11) limsup P'f (x,) < a.

n— o
(3.11) holds for every x, € X, hence lim,_, , P"f = a a.e. (4). Since p is the nor-
malized invariant measure of P, [P%du= [fdu for n=1,2,---. Now
lim,, o [P"fdu=a, hence [fdu=a and the proof of the theorem is then
complete.

THeOREM 3.2. If P is a A-continuous, conservative, ergodic and aperiodic
Markov operator whose invariant measure p is finite, and if fe L(u), where
1< g < 0, then the sequence {P"f} converges in L,(u) to [ fdp.

Proof. If ge L(u), by Theorem 3.1, {P"g} converges a.e. (u) to [ gdu. Hence
{P"g} converges to [ gdu in L (u). Since L(u) is dense in Ly(u) in the sense of
L,(u) norm, we have, for every fe L (u) and every e >0, a g€ L(u) such that
|f—glo<e2 and |[fdu — [gdu|<e/2. By Lemma 3.1, |P"(f—2)|,

< 17 o hence
o+ | [ rau- [ gau]

Pi- [saus 120 -9+ |Pe- | san
: P"g—f gdu

Therefore lim sup,,_.w" P'f— [fdu "q < ¢ and the conclusion of the theorem

follows.

IIA

2 .2

THEOREM 3.3. If P is a A-continuous, conservative, ergodic and aperiodic
Markov operator whose invariant measure p is finite and if f 20 and fe L,(u),
then liminf,, o P"f = [ fdu a.e. (w).

Proof. Let x be a fixed point of X and v"™ be given by (3.3). Let & be an arbitrary
positive number. Since v™, m =1,2,-.-, are uniformly absolutely continuous
to 4 by Lemma 3.11, there is a positive number é such that u(E) < J implies
v"(E) < ¢ for m=1,2,---. Now, by Theorem 3.2, {P"f} converges in L,(y) to
[fdu, hence there is an integer n, such that u[P"™f < [fdu —¢] <4. Hence
for any positive integer m

PrIOr(x) = j Y(dy)P" £ (7)

v

f Y (dy)P"F (7)
[Prof2 [ fdu—e)

s Jrame] ([ s
o-o( 1)

v

v
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Hence liminf,., . P"f(x) = [fdu. But by Fatou’s lemma
liminf P’fdu < liminf | P"fdu = [ fdu.
n—> 0 n—* o0

Hence
liminf P"f = ffd,u a.e. (1.

n— oo

THEOREM 3.4. Let P and yu be as in Theorem 3.3. Then, for (1) almost all x
{p™(x, - )} converges in L(4) to du/dA, and {p™(x,y)} converges to du(y)/dA in
Ly(v x 2) for any vest *(2). We also have liminf,_, . p™(x,y) = du/dA(y) for
(A x A) almost all (x, y).

Proof. Define j“(x, y) by
—(n " da
(3.12) P™(x,9) = p"(x,) 7

and jp(x,y) = p*)(x, y). Then 5™(x, y) is the density function of P" with respect
to the invariant measure u, and we have for (u) almost all x

f 50 yu(dy) = 1,

and also for (u) almost all y,

f 5%, p)u(dx) =1.

p(-, ) is “doubly stochastic.”’ Let Q be the u-reverse of P. Then (3.10) implies
that for every non-negative function h

0(3) = [ px ().
Thus, Q is u-continuous. Let g ™(x, y) be the density function of Q" with respect
to u. Then
q (")(xa y) = ﬁ(")(y’ X).

Since P is conservative, so is Q [5, Theorem 3.1]. Since a Q-closed set is also P-
closed [8, Lemma 7.2], Q is ergodic. Since the same relationship holds between P"
and Q" as P and @, Q is also aperiodic. Now, let x be fixed and let us consider
P(x, +) as a function of the second variable alone. Thus for () almost all x, p(x, -)
is an element of L,(u) with its u-integral equal to 1. We also have

Q"B(x, - ) = " V(x, -).
Applying Theorem 3.3 to Q and p(x, - ) we have
liminf5™(x,y) =1
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for (u x w) almost all (x, y). Hence it follows that
lim inf p(x,) = 4 (y)

for (A x A) almost all (x,)). Furthermore, applying Theorem 3.2, we have, for (u)
almost all x, {5™(x, - )} converges in L,(u) to 1. Now

[ 1620 = t]u@n = [| ) - 450 | 2,

hence {p ®(x, - )} converges in L,(4) to du/dA. Now, let

8= [ | 170 - 50 | = [ 157 = 1] ua),

{g.(x)} converges to 0 a.e. (u). We also have
8@ s [ AP +1=2.
Hence {g,(x)} converges to 0 in L,(v) for any v e/ +(4). Hence
[]] 2= G500 | acastany o0

and {p(x, )} converges to du(y)/dA in L,(v X 2).

THEOREM 3.5. Let P be a A-continuous, conservative and ergodic Markov
operator whose nontrivial invariant measure p is finite (u is normalized as
usual). Let the period of P be 6 and Cy,Cy,---,C;_, be the totality of distinct
€® atoms with Cy= A(C,),*+,Cs_5 = A(Cs_,). Let feL,(u) and cy,cy, -
be defined by

=29 cfdu fori=0,.--,6 -1,

¢ = C; l:f ig&, i=n5+j, 0§j§6—1.

Then

1. if f also belongs to L(p), then for every non-negative integer k the sequence
{P**f converges to LiZjcivilc, a-e. (A),

2. if f belongs to L(u) where 1 < q < o, then for every non-negative integer
k the sequence {P"**f} converges in L) to Xiscivile,s

3. if f= O, then for every non-negative integer k,

6-1
]im infpl,a".kf: 2 ci+klci a.e. (A).
=0

n—+ i
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Proof. By Theorem 2.3, ul, is P’-invariant, u(C;) = 1/, and plc P* = I, _ .
where j is the largest non-negative integer for which jé < i + k. Hence

Pfdu= | fdulcPY = | fdule,,.,, fdu=ciu.
[ pran=| |

Now P? acting on C; is aperiodic. For any fe L.(4), applying Theorem 3.1,
we arrive at the conclusion that the sequence {P"’f} converges a.e. (4) on C, to the
limit ¢; =06 [¢ fdpu. Hence the sequence converges a.e. (1) to ‘};(l)c,-lci. Re-
placing f by P*f in the sequence, we conclude that the sequence {P™**f} con-
verges a.e. (4) to X2Zod;lc, where d;=36 [, P*fdu = c;4;. In a similar manner,
2 may be derived from Theorem 3.2 and 3 may be derived from Theorem 3.3.

THEOREM 3.6. Let P be a A-continuous, conservative and ergodic Markov
operator whose nontrivial invariant measure p is finite (u is normalized as
usual). Let the period of P be 6 and Cy,C,,---,Cs-, be the totality of distinct,
indecomposable P’-closed sets with C, = A(C,), -+, Cs_, = A(C;s_,). For
j>0—1, let C;=C;_,; where n is the largest non-negative integer such that
nd < j. For every non-negative integer k, define function g, on X X X by

6—-1 d/l
gk(xLy) =5 E 1CxxC(+k(x’y)_(y)°
i=0 dA

Then the sequence {p™**( - , - )} converges in L,(v x 2) to g, for every ve o * ().
We also have
lim inf p™*¥(x, y) = gi(x,y) for (A X A) almost all (x,y).
n—> o
Proof. As in the proof of Theorem 3.4 we define j™(x, y) by (3.12) and
p(x,y) = p*(x, y). Then for (4) almost all x, p “)(x, + ) e L,(1) with L (1) norm
equal to 1. Furthermore, since C; = A*(C;,,) we have P"lC“k Z 1¢,. Hence

5-1 5-1
(3.13) X P, = X 1.

i=0 i=0
However, equality holds in (3.13) since both sides of (3.13) are equal to 1. Hence
P*1c,,, = 1c,, therefore, P*1,,, = 1, P*1,,, and 1o, P*1x_¢,,,= 0. Thus for every
feLy(d), P, f=IcP, f= IC,P"f. In terms of the density function
p®(x,y), we then have

1¢,(x)pM(x, y) = 1680, Mlc, (1) = 5 ¥x e, )

for (Ax4) almost all (x,y). Hence for (1) almost all xeC, p®(x, - )=
5%(x, * )1c,,,- Now we consider the p-reverse Q of P as in the proof of Theorem
3.4. Since a set is P"™closed if and only if it is Q closed, Q also has § as its period
and {Co,---,Cs_,} is also the collection of all indecomposable Q’-closed sets.
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Applying Theorem 3.5 to @ and 5®(x, - ) we have the sequence {Q"5*(x, -)}
={p™*¥(x, - )} converging in Ly(p) to J - 1,,, for (1) almost all xe C; and
liminf,, op™*(x,y) =6 for (A x4) almost all (x,y)eC; x C;,,. Hence
lim inf, ., o™ *¥(x, ) =8 ZZ0 1¢,x ¢, (%> ¥) and liminf,,  p™*(x, y) = g(x,y)
follows immediately for (A x ) almost all (x, y). Moreover, if we define h, by

-1
) = [|2*00) = T Slcuncruulnn) | uid),

then h,(x) — 0 for (1) almost all x. We also have, for (1) almost all x

-1
hx) < f P ) + [8 T Lo u@n) 5 2

Hence for any ve/*(4), [h(x)v(dx)—0,ie.,
-1
Gy tim ][50 = T dleauxn) | o =0,
n—© i=0

The L,(v x 4) convergence of {p"**( -, )} to g, then follows from (3.14).
Now we turn to study the case that the invariant measure u is infinite. We shall
need the following

LEMMA 3.12. If a set E has the property that there exists an increasing
sequence {n,} of positive integers for which the sequence of functions:

(3.149) Plg, P"1g, P"* g, e, P™1g, P™F g, e, PP o
converges to 0 uniformly on E, then limsup,,_, ,P"1; =0 a.e. (1).

Proof. Let ¢ be an arbitrary positive number. Then there is a positive integer
k, such that P™11; and all the terms in the sequence (3.14) which follow P™ 1,
are <g on E. Let k, be an integer such that k, > n, . Then n,, > n,,, hence

P*1p<g, P*>*™1 <¢ on E.

Let k; > ny, + ny,, then n, >n, and

PYs1p <g, P™st™al, < g PMkatmetiay . <6 on E,

.-, etc. In this manner, we obtain a sequence {n, } of positive integers. We shall
rename it {m;}. This sequence has the property that, for every positive integer i,

(3.15) Pm‘1E<8, Pm‘+m‘-llE<8,"’, PMi+mi-l+“‘+Ml1E<8

on E.

Now suppose lim sup ., , P "1 is not equal to 0 a.e. (1). Then lim inf,_, , P"15
is not equal to 1 a.e. (4) where E' = X — E. Since, by Lemma 3.2, lim inf,_, . P"1,.
is a constant function, liminf,,P"l;. =a a.e () forsomea<1.Letb=1—a
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and ¢ < b/2. Let iy be an integer such that io(b — 2¢) > 1. By Lemma 3.8, there
is a point x of X and a positive integer N such that

PYlp(x)<a+e PP"™1(x)<a+¢-, PVt —¥mol (x)<a +e.

Then
(3.16) PM1(x)>b —¢, PY*™1g(x) > b —¢,---, PNT™MFT ot Mol (x) < b — &

Now let
pi(x, ) = L’ p™M(x, y )P (v 1, IAAY,);

pa(x,y) = L , fE PPy )P (01, 920" (92, )My DAy ),

...........................................................................

P = [ [ By DB 012 BN DAy DUy M)

and

Ko(x, E) = P'1x(x),

Ky(x,E) = f P16 DAY) = PPT P™14(x),

...........................................................................

K;(x,E) = J;- Pio(x, Y)A(dy) = PNIg P™Ig, -+ P™o= [, P™0] (x).

Then
3.17) Ko(x,E)+ K{(x,E) + -+ + K;(x,E) = 1.

(3.17) may be proved by an elementary method similar to the one used in the
proof of Lemma 6.1 of [8], or by constructing the infinite product space Q and
the infinite product g-algebra & as in the proof of Lemma 3.11 and then defining

a probability measure n on & by
n[Xl € Al’ "',X,,GA,,]

- f f P06 1) (¥ X2) ++ DOk 10 X)) -+ A(dxy).
A An

Then the left-hand side of (3.17) is
n[X, € E for some n equal to one of N, N + my,--,N + m; + -+ + my,].

Now, for 1 = k =i
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PN+m1+...+mk IE(X)
= PNIEP'"‘+"‘+m"lE(x) + PNIE’PmllEsz+...+mrc1E(x) + e
+ P P™ Iy - P™ 2, P™ I P™ 15(x) + K (x, E).
Applying (3.15), we have
pNtmittm (x) £ [Ko(x, E) + -+ + Ky_1(x, E)]e + Ki(x, E)
=< ¢+ Ky(x,E).
Hence K (x,E) = b — 2¢ by (3.16). Thus we obtain the inequality
Ki(x,E) + -+ + K;(x,E) Z io(b — 2¢) > 1
which contradicts (3.17). Thus the conclusion of Lemma 3.12 is proved.

THEOREM 3.7. If P is a JA-continuous, conservative, ergodic and aperiodic
Markov operator whose invariant measure u is infinite, and if E is a set of finite
U measure, then, for every positive number ¢, there is a set E, < E such that
WE,) <éeandlim,,,P'lz_g =0 a.e. (1)

Proof. Since E is a set of finite y measure, liminf,,,P"l;=0 a.e. (1) by
Lemma 3.2. By Lemma 3.8, for any positive number & there is a set 4 with
MX — A) < 6 and an increasing sequence {n;} of positive integers such that the
sequence of functions:

(3.18) P"°1E, P"‘lE! P™ i, P21, P2, PmY2, P, .

converges to 0 uniformly on A. We choose ¢ to satisfy the condition that
WE N B) < ¢ whenever A(B) < ¢. This is possible because ulg is absolutely con-
tinuous to A. Take E, to be E — A, then the sequence (3.18) converges to 0 uni-
formly on E — E,. Since 1;_; = 1, the sequence of functions:

P"OIE-E,a PMlE—E > P”I+IIE—E s P"ZIE—EE”"

converges to O uniformly on E — E,. Applying Lemma 3.12, we have
lim,,oP"'1g_g =0a.e. (4).

THEOREM 3.8. If P is a A-continuous, conservative, ergodic and aperiodic
Markov operator whose invariant measure p is infinite, then there is an
increasing sequence {E,} of sets such that U,‘:°=1E,‘ =X and lim,,,P"1;, =0
a.e. (1) for every k.

Proof. Since p is o-finite, there exists an increasing sequence {F,} of sets such
that U,f‘;1 F, = X and u(F,) < o for every k. By Theorem 3.7, for each k, there
is a set E, c F, such that u(F, — E;) <1/2* and lim,, ,P"1;, =0 a.e. (1). We
nay assume the sequence {E;} to be monotonically increasing. Then
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Hence u(X — U,‘:°= 1 Ex) = 0 and the theorem is proved.

THEOREM 3.9. Let P be a A-continuous, conservative and ergodic Markov
operator whose invariant measure p is infinite, then there is an increasing
sequence {E,} of sets such that

o]
UEc=X and limP"l; =0 a.e. (3) for k=1,2,--.
k=1 n— oo
Proof. Since P has a finite period &, the space X is partitioned into ¢ sets:
Co,Cy,+++,Cs_1, of which each is a €® atom. Then P, acting on C; alone, is
aperiodic and has ul, as its invariant measure. By Theorem 2.3, ul¢, is also
infinite. Applying Theorem 3.8, we obtain an increasing sequence {E; ;, k=1,2,-}
of sets such that C; = |Ji%E;; and lim,,,,P” 15, =0, ae. (4). Let
E, = U',-’;é E; .. Then {E,} is an increasing sequence of sets such that X = Uﬁ Ex
and lim, , o, P"1;,= 0 a.e. (4) for every k. Now

P (x) = j PPl dv?,

hence lim ,, , P+, =0 a.e. (A) for i =0,1,---, & — 1 and the conclusion of the
theorem follows immediately.
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